A finite element model with seven degrees of freedom per node is developed to study vibration and buckling of thin-walled composite I-beams with arbitrary lay-ups under constant axial loads and equal end moments. This model is based on the classical lamination theory, and accounts for all the structural coupling coming from material anisotropy.
INTRODUCTION 9
Fiber-reinforced composite materials have been used over the past few decades in numerous types 10 of structures. Composites have many desirable characteristics, such as high ratio of stiffness and strength to weight, 11 corrosion resistance and magnetic transparency. Thin-walled structural shapes made up of composite materials, which to combined axial and bending loads. Based on shear deformability, the theory was formulated in 48 rotation angle Φ about the pole axis, 
These equations apply to the whole contour. The out-of-plane shell displacementw can now be found from the 85 assumption 2. For each element of middle surface, the shear strain become
Eq.(2) can be integrated with respect to s from the origin to an arbitrary point on the contour,
where differentiation with respect to the axial coordinate z is denoted by primes ( ′ ); W is an integration function 
The displacement components u, v, w representing the deformation of any generic point on the profile section are given 92 with respect to the midsurface displacementsū,v,w by the assumption 3. 
∂z 2 = κ y sin θ − κ x cos θ − κ ω q (7b)
The resulting strains can be obtained from Eqs. (6) and (7) as 
VARIATIONAL FORMULATION

99
The total potential energy of the system can be stated as
where U is the strain energy and torsional moment, respectively, defined by integrating over the cross-sectional area A as
The potential of in-plane loads V due to transverse deflection
where σ 0 z is the averaged constant in-plane edge axial stress of beams loaded initially by equal and opposite axial 107 forces P 0 and uniform bending moment applied about its major axis M 0 x at two ends, defined by
The variation of the potential of in-plane loads at the centroid is expressed by substituting the assumed displacement 109 field into Eq.(15) as
The kinetic energy of the system is given by
where ρ is a density.
7
The variation of the kinetic energy is expressed by substituting the assumed displacement field into Eq.(18) as
In order to derive the equations of motion, Hamilton's principle is used
Substituting Eqs.(13),(17) and (19) into Eq.(20), the following weak statement is obtained
The expressions of inertia coefficients for thin-walled composite beams are given in Ref.
[30]. 
CONSTITUTIVE EQUATIONS
117
The constitutive equations of a k th orthotropic lamina in the laminate co-ordinate system of section are given by
whereQ * ij are transformed reduced stiffnesses. The transformed reduced stiffnesses can be calculated from the 119 transformed stiffnesses based on the plane stress (σ s = 0) and plane strain (ϵ s = 0) assumption. More detailed 120 explanation can be found in Ref. [31] .
121
The constitutive equations for bar forces and bar strains are obtained by using Eqs. (8), (14) and (22) 122
where E ij are stiffnesses of thin-walled composite beams and given in Ref.
[30].
GOVERNING EQUATIONS OF MOTION
124
The governing equations of motion of the present study can be derived by integrating the derivatives of the varied 125 quantities by parts and collecting the coefficients of of δW, δU, δV and δΦ
The natural boundary conditions are of the form 
Eq. (26) 
For simply supported beams with free warping, the overall displacements modes in bending and torsion are assumed 
The flexural natural frequencies in the x-direction and bending moments are decoupled, while, the flexural natural 143 frequencies in the y-direction, torsional natural frequencies and bending moments are coupled.
in which P xn , P yn , P θn and M xn are nondimensional axial force and moment parameters
and M yθn is the buckling moments for pure bending [4] .
and ω xn , ω yn and ω θn are the flexural natural frequencies in the x-and y-direction, and torsional natural frequencies
B. Flexural-torsional buckling under axial loads and equal end moments
150
By omitting the inertia terms, Eq.(27) becomes
It is well known that the flexural buckling loads in the x-direction are identified while the flexural buckling loads in 
where P x , P y and P θ are the critical flexural buckling load in the x-and y-direction, and the critical torsional buckling 155 load, can be obtained from Eq.(33).
FINITE ELEMENT FORMULATION
157
The present theory for thin-walled composite beams described in the previous section was implemented via a are interpolated using Hermite-cubic shape functions ψ j associated with node j and the nodal values, respectively.
Substituting these expressions into the weak statement in Eq. (21), the finite element model of a typical element 163 can be expressed as the standard eigenvalue problem with and without the axial force are presented in Table 2 . Load-frequency interaction curves for fiber angles 0 • , 30
and 60
• is exhibited in Fig. 2 . It reveals that the tension force has a stiffening effect while the compressive force has 180 a softening effect on the natural frequencies. Tables 1 and 2 , except for some natural frequencies in higher modes.
182
However, maximum difference is small, nearly 2.5% and within the acceptable range.
183
To illustrate the accuracy of this study further, a simply supported composite doubly symmetric I-beam with length 
187
The comparison of the results between the proposed finite element analysis and analytical approach by Kim et al. [32] 188 is given in respectively. It is clear that with the presence of the axial compressive force, the eccentricity decreases both buckling 194 loads and moments. The relative difference of these results due to the eccentricity is significant and maximum at 195 unidirectional fiber angle ( Fig. 3 and Table 3 ).
196
In order to investigate the effect of axial force, bending moment, fiber orientation on the buckling moments, natural 
Stacking sequences of the flanges and web are angle-ply laminates [θ/−θ], (Fig. 4a) (Fig. 7) , when the beam is under an axial compressive force (P = 0.5P cr ), the 230 first buckling moment occurs at M = 2.36 × 10 −2 , which agrees completely with value from which implies that due to coupling effects when thin-walled composite beams under axial force and bending moment,
260
for each value of axial force or natural frequency always corresponding to two unequal values of buckling moment.
261
Figs. 10-12 also explain the duality among buckling moment, critical buckling load and natural frequency. with respect to the fiber angle change in the flanges and web.
342 Table 5 : Effect of axial force and bending moment on the first four natural frequencies of a simply supported 343 composite beam with respect to the fiber angle change in the flanges and web.
344 Table 6 : Effect of axial force on the critical buckling moments M cr (×10 −2 ) of a simply supported composite beam 345 with respect to the fiber angle change in the bottom flange.
346 Table 7 : Effect of axial force and bending moment on the first four natural frequencies of a simply supported 
